Let m ij be the mean first passage time from state i to state j in an n-state ergodic homogeneous Markov chain with transition matrix T . Let G be the weighted digraph without loops whose vertex set is the set of states of the Markov chain and arc weights are equal to the corresponding transition probabilities. We show that
Introduction
Let T = (t ij ) ∈ R n,n be the transition matrix of an n-state ergodic homogeneous Markov chain with states 1, . . . , n. Then T is an irreducible stochastic matrix. The mean first passage time from state i to state j is defined as follows:
where
By [1, Theorem 3.3 ] the matrix M = (m ij ) n×n has the following representation:
dg is the diagonal matrix obtained by setting all off-diagonal entries of L # to zero, Π = diag(π 1 , . . . , π n ), and π = (π 1 , . . . , π n ) is the normalized left Perron vector of T , i.e., the row vector in R n satisfying πT = π and π 1 = 1.
In an entrywise form, (3) reads as follows (see, e.g., [2] ):
In the following section, we use this formula to obtain a graph-theoretic interpretation of the mean first passage times.
A forest expression for the mean first passage times
Let us say that a weighted digraph G corresponds to the Markov chain with transition matrix T if the Laplacian matrix L = (l ij ) n×n of G satisfies (4) . Let the vertex set of G be {1, 2, . . . , n}. Then arc (i, j) belongs to the arc set of G whenever [i = j and t ij = 0]; the weight of this arc is t ij = −l ij .
We will use the following graph-theoretic notation. A digraph is weakly connected if the corresponding undirected graph is connected. A weak component of a digraph G is any maximal weakly connected subdigraph of G. An in-forest of G is a spanning subgraph of G all of whose weak components are converging trees (also called in-arborescences). A converging tree is a weakly connected digraph in which one vertex, called the root, has outdegree zero and the remaining vertices have outdegree one. An in-forest is said to converge to the roots of its converging trees. An in-forest F of a digraph G is called a maximum in-forest of G if G has no in-forest with a greater number of arcs than in F . The in-forest dimension of a digraph G is the number of weak components in any maximum in-forest. Obviously, every maximum in-forest of G has n − d arcs, where d is the in-forest dimension of G. A submaximum in-forest of G is an in-forest of G that has d+1 weak components; consequently, it has n − d − 1 arcs.
The weight of a weighted digraph is the product of its arc weights; the weight of any digraph that has no arcs is 1. The weight of a set of digraphs is the sum of the weights of its members.
By [3, (iii) of Proposition 15], for any weighted digraph G and its Laplacian matrix L,
where d is the in-forest dimension of G, σ k is the weight of the set of in-forests with k arcs, so that σ n−d and σ n−d−1 are the weights of the sets of maximum and submaximum forests of G, respectively; Q k is the matrix whose (i, j) entry (i, j = 1, . . . , n) equals the weight of the set of in-forests that have k arcs and i belonging to a tree rooted at j. Let us use this result to derive a forest representation of the mean first passage times. First, observe that since the Markov chain under consideration is ergodic, the corresponding digraph G has spanning converging trees. Thus, the forest dimension of G is 1. Consequently, for every i, j = 1, . . . , n, each maximum in-forest converging to j has i in the same (unique!) tree. Therefore, the (j, j) and (i, j) entries of Q n−d = Q n−1 are the same. The difference between the (j, j) and (i, j) entries of Q n−d−1 = Q n−2 equals the weight of the set of 2-tree in-forests of G that converge to j and have i and j in separate trees. Let f ij denote the weight of this set. Finally, by the Markov chain tree theorem [4, 5] for j = 1, . . . , n, π j is equal to the weight (denote it by q j ) of the set of trees converging to j in G. Using these facts, (6), and (7), we obtain the following theorem.
n,n be the transition matrix of an n-state ergodic homogeneous Markov chain with states 1, . . . , n. Let G be the weighted digraph without loops whose arc weights are equal to the corresponding transition probabilities in T . Then for i, j = 1, . . . , n, the mean first passage time from state i to state j has the following representation:
where f ij is the total weight of 2-tree in-forests of G that have one tree containing i and the other tree converging to j, q j is the total weight of spanning trees converging to j, and σ is the total weight of all spanning converging trees in G.
Remark. If one removes the subsidiary requirement p ≥ 1 from the definition of mean first passage time (see (2)), then m jj = 0 for every j and m ij = f ij /(σq j ), i, j = 1, . . . , n, since f jj = 0 for every j.
Note that f ij , q j , and σ = σ n−d can be calculated by elementary matrix algebra [3, Proposition 4] . Namely, this can be done by means of the following recurrence procedure. For k = 0, 1, . . . ,
where Q 0 = I.
